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Outline

• the “surface of last scattering” is actually not the final word 
for lots of photons


★ Thomson scattering


★ lensing


★ extragalactic foregrounds



Hu and White, 2004 Scientific American



Hubble expansion causes 
recombinations to “freeze out” 
as e- and p+ can’t find each 
other in the dilute universe

small residual ionization keeps 
gas and CMB thermally coupled 
for a surprisingly long time

reionization leads to unbinding 
of electrons from H atoms due 
to UV background ionizing field

Ionization non-equilibrium

Sunyaev & Chluba 2009
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temperature polarization

WMAP: +- 0.015  ; Planck: +-0.005  ; ???: +-0.002



Ionization and CMB Polarization

“Pulse” of 
ionization 
dz=1



Scattering on moving 
electrons: kSZ

• kinetic Sunyaev-
Zeldovich effect: 
Thomson 
scattering by bulk 
flow of electrons 

8Mroczkowski et al 2019



Scattering on moving 
electrons: kSZ

9
ESA

clumps of moving electrons at reionization, and at late times



Scattering on moving 
electrons: kSZ

10
Madhavacheril



Scattering on moving 
electrons: kSZ

11Munchmeyer et al 2018

current status:

detected in cross-
correlation with galaxies/
clusters

forecast: 

soon to be detected in 
auto-spectrum, higher 
order correlations could 
be very powerful for 
largest scales



Scattering on moving 
electrons: tSZ

• thermal Sunyaev-
Zeldovich effect: 
Thomson 
scattering by 
thermal motions of 
electrons 

12Mroczkowski et al 2019



Thermal Sunyaev-Zel’dovich 
Effect

CMB Hot 
electrons

CMB+
ν

I

Optical depth:   τ ~ 0.01 

Fractional energy gain per scatter: ~ 0.01
Typical cluster signal: ~500 uK



Thermal SZ Effect  
(and relativistic corrections)

uK imaging 
would allow 
1 kev 
accuracy in  

SZ 
temperature
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Image by Will High in recent paper by Williamson et al

One of the heaviest objects in the universe
>1015 solar masses

Fig. 16.— SPT-CL J0438-5419, also known as ACT-CL J0438-5419, at zrs = 0.45. Blanco/MOSAIC-II irg images are shown in the
optical/infrared panel.

Fig. 17.— SPT-CL J0549-6204 at zrs = 0.32. Blanco/MOSAIC-II irg images are shown in the optical/infrared panel.

patch of 
isolated cosmic 

fog



tSZ-selected Galaxy 
Clusters

• now many 
thousands of 
galaxy clusters 
have been 
discovered by 
their CMB 
signatures

18

Hilton et al 2021



Compton y maps
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Compton y power 
spectrum

20
Tanimura et al 2021

Hint that 
maybe tSZ 
power is low 
at high ell

Almost 
entirely just 1-
halo term



ESA and the Planck Collaboration

lensing of primordial fluctuations by intervening fluctuations 

2nd order in the perturbations!



Gravitational 
lensing

Bartelmann & Schneider 
http://arxiv.org/abs/astro-ph/9912508

http://arxiv.org/abs/astro-ph/9912508


3 Gravitational Light Deflection

In this section, we summarise the theoretical basis for the description of light de-
flection by gravitational fields. Granted the validity of Einstein’s Theory of General
Relativity, light propagates on the null geodesics of the space-time metric. How-
ever, most astrophysically relevant situations permit a much simpler approximate
description of light rays, which is called gravitational lens theory; we first describe
this theory in Sect. 3.1. It is sufficient for the treatment of lensing by galaxy clus-
ters in Sect. 5, where the deflecting mass is localised in a region small compared
to the distance between source and deflector, and between deflector and observer.
In contrast, mass distributions on a cosmic scale cause small light deflections all
along the path from the source to the observer. The magnification and shear effects
resulting therefrom require a more general description, which we shall develop in
Sect. 3.2. In particular, we outline how the gravitational lens approximation derives
from this more general description.

3.1 Gravitational Lens Theory

Observer 

Lens plane 

Source plane 

θ 

β 

ξ 

α̂ 

η 

Dds 

Dd 

Ds 

Fig. 11. Sketch of a typical gravitational lens system.
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Introducing angular coordinates by !η = Ds!β and !ξ = Dd!θ, we can transform
eq. (3.5) to

!β=!θ−
Dds
Ds

!̂α(Dd!θ) ≡!θ−!α(!θ) , (3.6)

where we defined the scaled deflection angle!α(!θ) in the last step. The interpretation
of the lens equation (3.6) is that a source with true position !β can be seen by an
observer at angular positions!θ satisfying (3.6). If (3.6) has more than one solution
for fixed !β, a source at !β has images at several positions on the sky, i.e. the lens
produces multiple images. For this to happen, the lens must be ‘strong’. This can
be quantified by the dimension-less surface mass density

κ(!θ) =
Σ(Dd!θ)
Σcr

with Σcr =
c2

4πG
Ds

DdDds
, (3.7)

where Σcr is called the critical surface mass density (which depends on the redshifts
of source and lens). A mass distribution which has κ ≥ 1 somewhere, i.e. Σ≥ Σcr,
produces multiple images for some source positions !β (see Schneider et al. 1992,
Sect. 5.4.3). Hence, Σcr is a characteristic value for the surface mass density which
distinguishes between ‘weak’ and ‘strong’ lenses. Note that κ ≥ 1 is sufficient but
not necessary for producing multiple images. In terms of κ, the scaled deflection
angle reads

!α(!θ) =
1
π

∫

R2
d2θ′κ(!θ′)

!θ−!θ′

|!θ−!θ′|2
. (3.8)

Equation (3.8) implies that the deflection angle can be written as the gradient of the
deflection potential,

ψ(!θ) =
1
π

∫

R2
d2θ′κ(!θ′) ln |!θ−!θ′| , (3.9)

as !α= ∇ψ. The potential ψ(!θ) is the two-dimensional analogue of the Newtonian
gravitational potential and satisfies the Poisson equation ∇2ψ(!θ) = 2κ(!θ).

3.1.3 Magnification and Distortion

The solutions!θ of the lens equation yield the angular positions of the images of
a source at !β. The shapes of the images will differ from the shape of the source
because light bundles are deflected differentially. The most visible consequence of
this distortion is the occurrence of giant luminous arcs in galaxy clusters. In gen-
eral, the shape of the images must be determined by solving the lens equation for
all points within an extended source. Liouville’s theorem and the absence of emis-
sion and absorption of photons in gravitational light deflection imply that lensing
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deflection
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convergencelensing
potential



conserves surface brightness (or specific intensity). Hence, if I(s)(!β) is the surface
brightness distribution in the source plane, the observed surface brightness distri-
bution in the lens plane is

I(!θ) = I(s)[!β(!θ)] . (3.10)

If a source is much smaller than the angular scale on which the lens properties
change, the lens mapping can locally be linearised. The distortion of images is then
described by the Jacobian matrix

A (!θ) =
∂!β

∂!θ
=

(

δi j−
∂2ψ(!θ)
∂θi∂θ j

)

=





1−κ− γ1 −γ2
−γ2 1−κ+ γ1



 , (3.11)

where we have introduced the components of the shear γ≡ γ1+ iγ2 = |γ|e2iϕ,

γ1 =
1
2
(ψ,11−ψ,22) , γ2 = ψ,12 , (3.12)

and κ is related to ψ through Poisson’s equation. Hence, if!θ0 is a point within an
image, corresponding to the point!β0=!β(!θ0)within the source, we find from (3.10)
using the locally linearised lens equation

I(!θ) = I(s)
[

!β0+A (!θ0) · (!θ−!θ0)
]

. (3.13)

According to this equation, the images of a circular source are ellipses. The ratios of
the semi-axes of such an ellipse to the radius of the source are given by the inverse
of the eigenvalues of A (!θ0), which are 1−κ±|γ|, and the ratio of the solid angles
subtended by an image and the unlensed source is the inverse of the determinant of
A . The fluxes observed from the image and from the unlensed source are given as
integrals over the brightness distributions I(!θ) and I(s)(!β), respectively, and their
ratio is the magnification µ(!θ0). From (3.13), we find

µ=
1

detA
=

1
(1−κ)2− |γ|2

. (3.14)

The images are thus distorted in shape and size. The shape distortion is due to
the tidal gravitational field, described by the shear γ, whereas the magnification
is caused by both isotropic focusing caused by the local matter density κ and
anisotropic focusing caused by shear.

Since the shear is defined by the trace-free part of the symmetric Jacobian matrix
A , it has two independent components. There exists a one-to-one mapping from
symmetric, trace-free 2× 2 matrices onto complex numbers, and we shall exten-
sively use complex notation. Note that the shear transforms as e2iϕ under rotations
of the coordinate frame, and is therefore not a vector. Equations (3.9) and (3.12)
imply that the complex shear can be written
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by I(s)(!β) in eqs. (4.1) and (4.2), and employ the conservation of surface brightness
(3.10, page 49) and the linearised lens equation (3.13, page 49), we find that the
tensors of second brightness moments of source and image are related through

Q(s) = A QA T = A QA , (4.5)

where A ≡ A (!̄θ) is the Jacobian matrix of the lens equation at position!̄θ. Defining
further the complex ellipticity of the source χ(s) in analogy to (4.4) in terms of Q(s),
ellipticities transform according to

χ(s) =
χ−2g+g2χ∗

1+ |g|2−2ℜ(gχ∗)
(4.6)

(Schneider & Seitz 1995; similar transformation formulae were previously derived
by Kochanek 1990 and Miralda-Escudé 1991b), where the asterisk denotes com-
plex conjugation, and g is the reduced shear

g(!θ) ≡
γ(!θ)

1−κ(!θ)
. (4.7)

The inverse transformation is obtained by interchanging χ and χ(s) and replacing
g by −g in (4.6). Equation (4.6) shows that the transformation of image elliptici-
ties depends only on the reduced shear, and not on the shear and the surface mass
density individually. Hence, the reduced shear or functions thereof are the only
quantities accessible through measurements of image ellipticities. This can also
immediately be seen by writing A as

A = (1−κ)





1−g1 −g2
−g2 1+g1



 . (4.8)

The pre-factor (1−κ) only affects the size, but not the shape of the images. From
(4.5) and (4.3), we immediately see that the sizes of source and image are related
through

ω= µ(!θ)ω(s) . (4.9)

We point out that the dimension-less surface mass density κ, and therefore also
the shear γ, depend not only on the redshift of the lens, but also on the redshift
of the sources, because the critical surface mass density (3.7, page 48) involves
the source redshift. More precisely, for fixed lens redshift zd, the lens strength is
proportional to the distance ratio Dds/Ds. This implies that the transformation (4.6)
generally also depends on source redshift. We shall return to these redshift effects
in Sect. 4.3, and assume for now that the lens redshift zd is sufficiently small so that
the ratio Dds/Ds is approximately the same for all faint galaxy images.
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reduced shear

distortion has overall
magnification

image gets bigger (or smaller), 
not brighter (dimmer)



• CMB is a unique source for lensing

• Gaussian, with well-understood power spectrum 
(contains all info)

• At redshift which is (a) unique, (b) known, and 
(c) highest

TL(n̂) = TU (n̂ +��(n̂))

CMB Lensing 

⇥�(n̂) = �2
� ��

0
d⇥

⇥⇥ � ⇥

⇥⇥⇥
⇥��(⇥n̂, ⇥),

Broad kernel, peaks at z ~ 2

In WL limit, add many 
deflections along line of sight

Photons get shifted
n̂

T

n̂ +��



patch	of	sky	(the	North	pole)	as	seen	by	Planck	(17x10	degrees)



SIMULATED	lensing	effect	(20x	larger	than	typical)



Lensing simplified

• gravitational 
potentials distort 
images by stretching, 
squeezing, shearing

Gravity



Lensing simplified
• where gravity 

stretches, gradients 
become smaller

• where gravity 
compresses, 
gradients are 
larger

• shear changes 
direction

Gravity



CMB Power Spectrum

squeezing sky 
shifts power to  
smaller scales



CMB Power Spectrum

stretching sky 
shifts power to  
larger scales

Spatially varying power spectrum!!



Effect on CMB Power 
Spectrum

• mixing of 
power leads 
to 
smoothing 
of acoustic 
peaks 

• small effect 
but data is 
really good

32
CALABRESE ET AL, ASTRO-PH/0803.2309

impact of  
tuning lensing 
amplitude from 
0-9x expected



•  We extract ϕ by taking a suitable 
average over CMB multipoles 
separated by a distance L

• We use the standard Hu quadratic 
estimator.

Mode Coupling from Lensing
TL(n̂) = TU (n̂ +⇥�(n̂))

= TU (n̂) +⇥TU (n̂) ·⇥�(n̂) + O(�2),

• Non-gaussian mode coupling for l1 ⇥= �l2 :

lx

ly

L

lCMB1

lCMB2



E-modes and B-modes

• E/B is a different way to express 
polarization field 

• easy to understand in flat-sky limit (i.e. 
Fourier modes)

34



E-modes/B-modes
• E-modes vary spatially 
parallel or perpedicular to 
polarization direction 

• B-modes vary spatially at 
45 degrees 

• CMB 
• scalar perturbations only 
generate *only* E 

Image of positive kx/positive ky Fourier 
transform of a 10x10 deg chunk of 
Stokes Q CMB map [simulated; nothing 
clever done to it]

E modes

• Lensing of CMB is 
much more obvious in 
polarization! 

kx

ky



B Modes from E Modes

Lensing done with “Lens an astrophysicist” 
http://theory2.phys.cwru.edu/~pete/GravitationalLens/

Before: pure E 
mode (left) and 
pure B mode 
(right) 

From B-pol.org

After: large 
point mass 
lenses image



Planck 
(~all-sky)

SPT-3G 
(1500 square degrees)

ACT 
(9400 square degrees)



CMB Lensing Power Spectra

Qu et al 2023

Latest compilation from ACT collaboration 2023



Cosmological contraints on structure formation

Planck: Carron 2022

see also Madhavacheril 2023



Omori, Chown, Simard, KTS, et. al (arXv:1705.00743)

CMB-LSS cross-correlation: CIB

CIB map from Planck GNLIC 545 GHz

40Slide from Kyle Story (Stanford / KIPAC)



Planck X Galaxies, etc.

41Planck 2013-#17 



Angular Clustering

42Krolewski et al 1909.07412

Angular power spectrum of power spectrum between two maps X & Y (could be same map!)

Limber approximation, which generally works pretty well except for really large scales

weights for CMB lensing or some galaxy tracer



CMB lensing is sensitive to 
higher z sources

Yuuki Omori



Angular Clustering

• CMB lensing power measures projected 
power of all matter (no b) 

• galaxy clustering measures projected power 
of biased tracers (b dN/dz)2 

• CMB lensing X galaxies measures projected 
power in common (b dN/dz)

44Krolewski et al 1909.07412



Example: WISE X Planck lensing

45Krolewski et al 1909.07412

galaxy 
number 
density 
maps



Example: WISE X Planck lensing

46Krolewski et al 1909.07412
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Power spectrum 
Uncertainties

• fundamentally limited by number of 
independent measurements, noise

• Cl;meas=Cl;true+Cl;noise     

• Var(Cl)~(2/nmeas)Cl2        “sample variance”

• more modes means better measurement of 
Cl;true+Cl;noise 

• lower noise gives better measure of Cl;true

in any single map you 
can’t tell the difference
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Delensing lowers sample 
variance for B-mode searches

SPT-3G + external tracers 
(galaxies+CIB) can remove 
80% of lensing power

BICEP/Keck is signal-
dominated, so
delensing directly reduces the
error bar for constraints on 
tensors
(also true for SPT-3G, for however
low in l can be reached)


